IMPRIMITIVITY FOR C*-COACTIONS OF 
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o\ 

Q>^ ' Abstract. We give a condition on a full coaction {A, G, S) of a 

(possibly) nonamenable group G and a closed normal subgroup N 
^ ' of G which ensures that Mansfield imprimitivity works; i.e. that 

C^i A x^i G/N is Morita equivalent to A G Xg ^ N. This condition 

' obtains if N is amenable or S is normal. It is preserved under 

\^ , Morita equivalence, inflation of coactions, the stabilization trick of 

' Echterhoff and Raeburn, and on passing to twisted coactions. 

(N 

> 

O . 1. Introduction 

O 

I For a nondegenerate reduced coaction 6: A —>■ M{A C*{G)) and 

a closed normal amenable subgroup N of G, Mansfield [Man91, Theo- 
0> ■ rem 27] showed that the iterated crossed product AxsGx^N is Morita 

equivalent to the restricted crossed product Axs\G/N. Later, Phillips 
and Raeburn [PR89, Theorem 4.1] proved that for a closed normal 
amenable subgroup N of G and a twisted coaction of (G, G/N) on A, 



O 

Ch ■ there is an action 5 of on the twisted crossed product Axq/nG such 

! that Axq/nGx^N is Morita equivalent to A; this can be interpreted 

as a twisted version of Mansfield's theorem. 

Both the above results are coaction versions of Green's imprimitivity 
theorem for actions, and hence play an important role in the study of 
induced representations of crossed products by coactions. Naturally, we 
would like to remove the amenability hypothesis on A^, which is only 
there to ensure that the restricted coaction 6\: A —>■ M{A (g) C*{G/N)) 
is well-defined. 

Accordingly, in this paper we consider a nondegenerate full coaction 
5: A ^ M{A (g) C*{G)) and a closed normal subgroup A^ of G. We 
also use the abstract characterization of the crossed product A x^ G 
using universal properties, whereas Mansfield represents the crossed 
product on Hilbert space. In this situation, the proof of Mansfield's 
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theorem shows that ^4 x G is Morita equivalent to im(j^ x 
where (jAjJc) is the canonical covariant homomorphism of {A,G,5) 
into M{A X G). We conclude (Corollary 3.4) that if Ja x ja\: A x 
G/N M{A X G) is faithful, then there is an A x G x , - yl x G/N 
imprimitivity bimodule ^(^jy, which we describe explicitly. When 5 is 
nondegenerate and ja x jol is faithful, we say Mansfield imprimitivity 
works for N and S. 

In Section 4 we show that Mansfield imprimitivity passes to twisted 
crossed products, extending the above-mentioned result of Phillips and 
Raeburn. More explicitly, if {A,G,G/K,S,t) is a twisted coaction 
and is a closed normal subgroup of G contained in K such that 
Mansfield imprimitivity works for N and 6, then a quotient of Yq^j^ is 
an Axc/xGXrN - Axq/^G/N imprimitivity bimodule (Theorem 4.4). 

We were led to these ideas by an investigation [KQR95] of the duality 
of induction and restriction for coactions, and hence by a need for 
a general, workable imprimitivity framework for Mansfield induction. 
In Section 5 we prove several results concerning the compatibility of 
Mansfield imprimitivity with coaction constructions such as Morita 
equivalence, inflation, and stabihzation. These results will be needed 
in [KQR95]; for the present, they serve to illustrate the robustness of 
Mansfield imprimitivity. 

This research was carried out while the second author was visiting 
the University of Newcastle in 1994 and 1995, and while the first au- 
thor was visiting Arizona State University in June, 1995. The authors 
thank their respective hosts for their hospitality; the second author 
particularly acknowledges Iain Raeburn. The authors further thank 
Professor Raeburn for many helpful conversations. 

2. Preliminaries 

Throughout, G will be a locally compact group with modular func- 
tion Ag and left Haar measure ds. The group C*-algebra of G is 
denoted C*{G); a subscript r, as in C*{G) or B x^ G, always indicates 
a reduced object. 

Coactions. Our coactions use the conventions of [Qui95], [QR95], and 
[Rae92], although the latter uses maximal tensor products. A (full) 

coaction of G on A is an injective, nondegenerate homomorphism S 
from A to M{A (8> G*(G)) (where we use the minimal tensor product 
for G*-algebras throughout) such that: 

(i) S{a){l z), (1 (8 z)S{a) e A ® G*(G) for all a e ^, ^ G C*{G); 

(ii) {5 <S) l) o 5 ^ {l <S) Sg) o S, 
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where 5g: C*{G) M{C*{G) ® C*{G)) is the integrated form of 
the representation s ^ s ® s of G. The coaction 5 is nondegen- 
erate if 6a{g){A) = A, where Sf{a) = (i /)(5(a)) for / in the 
Fourier algebra A{G) and a in A. Equivalent ly, 6 is nondegenerate 
if 6{A){1®C*{G)) = A(S) C*{G) [Kat85, Theorem 5]. 

Suppose X is a closed normal subgroup of G, and {A, K, e) is a 
coaction. Let ik- C*{K) M{C*{G)) be the canonical nondegenerate 
homomorphism. Then by [PR94, Example 2.4], 

inf e= oe: A^ M{A®C*{G)) 

is a coaction of G on A, called the inflation of e. It turns out that 
inflation respects nondegeneracy of coactions: 

Proposition 2.1. Let K he a closed normal subgroup of G, and let 
{A, K, e) be a coaction. Then e is nondegenerate if and only if the 
inflated coaction infe) is. 

Proof. Suppose first that e is nondegenerate. Then 

mi€{A){l®C*{G)) = {i ® ikMA)) (1 (8) iK{C*{K))C*{G)) 

= {i ® ix)(e(A)(l ® C*iK))) (1 ® G*{G)) 

= iA^iKiC*{K))){l(S)C*{G)) 
= A(E)C*{G), 

so inf e is nondegenerate. 

Conversely, suppose inf e is nondegenerate. A simple calculation 
shows that (infe)j = e/|^ for / G A(G'). Now {f\K \ f G ^(G)} C 
A{K), since is the closure in B{G) of B{G) n Cc(G). Hence, 

A = (inf e)A(G)(^) C eA(K)(A), 
so e is nondegenerate. □ 

A covariant representation of a coaction (A, G, 5) is a pair (7r,/i), 
where tt and are nondegenerate representations of A and Go(G), 
respectively, on Hilbert space, such that 

(tt (g) t) o 5(a) = Ad // (g) l{wg) (7r(a) 1) for a e >1, 

where wg £ M(Go(G) G*(G)) is the unitary element determined by 
the canonical embedding of G in M{G*{G)). A crossed product for 
(A, G, 5) is a triple {A G,jA,jG) such that A G is a G*-algebra 
(which we will denote by A x G if 5 is understood) and (ja,Jg) is a 
pair of nondegenerate homomorphisms of A and Go(G), respectively, 
to M{A X G) satisfying: 
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(i) for every nondegenerate representation p of ^4 x G, (po Ja, po Jg) 
is a covariant representation of {A, G, 6); 

(ii) for every covariant representation (tt, fi) of {A, G, 6) there is a 
representation n x /i of A x G such that (tt x /x) o = tt and 
(tt X p) o jc = /x; 

(iii) A Xj G is the closed span of the products jAio^joif) for a E A, 
f e Go(G). 

We write for Ja and for jo when confusion due to the presence of 
several coactions or groups is likely to arise. There is an action S, called 
the dual action, of G on Ax G such that Ss{jA{(i)jG{f)) = jA{(i)jG{s- f), 
where {s ■ m) = f{ts). 

It turns out that, for any nondegenerate representation tt of A, ((tt® 
A) o 5, 1 (8) M), where A is the left regular representation of G and M 
is the multiplication representation of Go(G) on L'^{G), is a covariant 
representation of [A, G, 5), which moreover can be taken to be (ja, Jg) 
whenever ker tt C ker j^. We call 5 normal if ja is faithful. If (tt, ii) is a 
covariant representation, then Ad ^®l{wg)°{-®'^) is a normal coaction 
on Ti{A). In particular. Ad jc ® i-iwc) o (■ 1) is a normal coaction on 
JA^A) with (essentially) the same covariant representations and crossed 
product as 5, and we call this coaction on JaI^) the normalization of 
5. If 5 is a normal coaction, then (t (8) A) o (5 is a reduced coaction on 
A, which is nondegenerate if and only if 6 is. In any event, whether 
5 is normal or not, {l ® X) o 5 factors to give a reduced coaction on 
A/keijA, called the reduction of 5. Moreover, every nondegenerate 
reduced coaction is the reduction of a unique normal coaction. 

For example, (G*(G), G, 5g) is a coaction which is normal if and only 
if G is amenable. {K,{L'^{G)), A, M) is a crossed product, so Xg ^ Xg® s 
is the normalization and A^ i— > A^ ® As the reduction. 

Hilbert modules. Our main references for Hilbert modules and Morita 
equivalence are [Lan95], [Rie74], and [Rie79]. All our Hilbert modules 
(except multiplier bimodules) will be full; i.e., the closed span of the 
inner products generates the G*-algebra. 

Definition 2.2. A right- Hilbert A - B bimodule (a term coined by 
Bui in [Bui95]) is a (right) Hilbert B-module X together with a non- 
degenerate action of A by adjointable i?-module maps (i.e., there is a 
homomorphism of A into Cb{X) such that AX = X). 

If X is also a left Hilbert A-module (in the obvious sense) such that 
J^x, y) z = X {y, z)q for x,y,z e X, then of course X is SkO. A - B 
imprimitivity bimodule. We write aXb when we want to emphasize 
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(or merely indicate) the coefficient algebras. We denote the reverse 
bimodulc by X. with elements x. 

For this work (and in [KQR95]), we feel that right-Hilbcrt bimod- 
ules are the right objects to use. For example, in applications of the 
Rieffel induction process it is really right-Hilbert bimodules that are re- 
quired. Routine calculations suffice to adapt most results about Hilbert 
modules or imprimitivity bimodules to the setting of right-Hilbert bi- 
modules, and we will use such adapted results with only a reference to 
the original results. 

Following [ER95], a multiplier m — {mA,mB) oi an A - B im- 
primitivity bimodule X consists of an 74-linear map : A ^ X and 
a 5-linear map ms'- B X such that myi(a) ■ b = a ■ mB{b) for 
a & A and b & B. The multiplier bimodule M{X) consists of all 
multiphers of X; it is naturally a Hilbert M{A) - M{B) bimodule, 
but is in general not full (cf. [ER95, §1]). Following [ER95, Def- 
inition 1.8] and [Ng95, Definition Al(b)], an imprimitivity bimodule 
homomorphism ip = {^p a, x , b) '■ aXb — M{cYd) consists of homo- 
morphisms ^pA'- A — > M{C) and ^pb'- B — > M[D) and a linear map 
ip)x'- X ^ M(Y) satisfying 

(i) ipAUi^.y)) = ^(^c)(vx{x),^x{y)); 

(ii) ^B{{x,y)B) = {<px{x),<pxiy))M(Dr 

(iii) ipx{a- X -b) = v?A(a) ■ Vx{x) ■ ipB{b), 

for all a ^ A, x,y G X , and b & B. 

Following [Ng95, Definition 3.3] (see also [BS89], [Bui94], [ER]), a 
coaction 5 of G on an imprimitivity bimodule aXb is an imprimitivity 
bimodule homomorphism 

5 = {Sa, Sx, Sb) : aXb M {a^c*(G){X <8) C*{G))b(s,c*{g)) 

such that {A,G,6a) and {B,G,6b) are C*-coactions, and satisfying 

(5x ®t)o5x^{t0 Sg) o 5x 

and 

5x{X){B^C*{G)) = X (8) G*{G). 

When such a 5 exists we say {A, G, Sa) and {B, G, Sb) are Morita equiv- 
alent, and we call (X, Sx) a Morita equivalence of Sa and Sb- Note that 
we automatically have Sx{x) ■ {1b'S> z) and {1a^ z)Sx{x) G X <^G*{G) 
iorxeX,ze C*{G). 

It turns out that Morita equivalence preserves nondegeneracy of G*- 
coactions: 
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Proposition 2.3. Let {A,G,Sa) and {B,G,5b) he Morita equivalent 
coactions. Then 5a is a nondegenerate coaction if and only if 5b is. 

Proof. Suppose {X, 5x) is a Morita equivalence for the C*-coactions 
{A,G,5a) and {B,G,5b)] so 5 — {5a,5x,5b) is a coaction of G on 

aXb- 

Assume 5b is nondegenerate. Then 5b{B){1 ® C*{G)) = B®C*{G), 
so we have 



5x{X){l ^ C*{G)) = 5x{X ■B){1^ C*{G)) 



5x{X)5b{B){1^C*{G)) 



^5x{X){B®C*{G)). 

Thus, 



(2.1) 5x{X){l(»C*{G))=X^C*{G). 

We will need to shoe M{X (g) C*{G)) into M(X). For this we have 
found it most convenient to use the linking algebra 



A X 
X B 



of [BGR77], which by [ER95, Appendix] carries a coaction defined by 

5a 5x 

5x 

Let p = ( ) and q = ( o ? ) ■ We regard A, B, and X as sitting inside 
L, so in particular X — pLq. [ER95, Proposition A.l] shows that 

M{A) M{X) 
M{X) m\b) 



M{L) = 

and we have M[X) = pM{L)q. Moreover, 
L C*{G) ^ 



A0C*{G) X0C*{G) 
X^C*{G) B®C*{G) 

and we blur the distinction between the two sides of this isomorphism. 
Hence, we have 

X ® C*{G) = (p (g) 1)(L (8) C*{G)){q ® 1) 

and 

M{X ® C*{G)) = (p ® 1)(M(L ® C*{G))){q (g) 1). 
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Now let / e A{G). We can certainly use t®/ to slice M{L<^C*{G)) 
into M{L), and it makes sense to restrict 1 / to M{X (g) C*{G)). We 
have 

{L®f){M{X^C*{G))) = l)M(L®C*(G))(g<8)l)) 

= p(6®/)(M(L®C*(G)))g 
C pM{L)q 
= M(X), 

so we now know how to slice M{X ® C*{G)) into M{X). 

As with C*-coactions, we really need to slice the image of 5x into X. 
Without loss of generality let / = 51 • rf, with g e A{G) and d G C*{G). 
Then 

(6®/)(<5x(X)) = (?)((! ®ci)<5x(X)) 
C {L®g){X®C\G)) 
= l)(L®C*(G'))(g® 1)) 

= p{i®g){L®C*{G))q 
C pL? 
= X. 

Hence, X is an 74(G)-submodule of L, as desired. 

For X e {i® Ac{G)){5x{X)), f e A^{G), and d e C*{G), [Qui95, 
Equation (1.2)] tells us that 



X > 



UGif)d= / 5x{{i®s-f){x)){l®sd)ds, 



where ug'- L^{G) — > C*{G) is the canonical embedding, (s ■ f){t) = 
f{ts), and the integral is norm-convergent. Thus, the proof of [Qui95, 
Corollary 1.5] shows that (2.1) implies 



(2.2) {i®A{G)){6x{X)) = X. 

Now, (2.2) is a symmetric condition which is actually equivalent to 
the asymmetric (2.1), so we can expect to derive a mirror-image of 
(2.1) from it. Indeed, a calculation similar to the proof of [Qui95, 
Equation (1.2)] shows that 

X ® duaif) = j{l® ds)5x{{i ® (/ • s)'){x)) ds, 

where (/ ■ s)'(t) = f{st)A{t). Thus, the proof of [Qui95, Corollary 1.4] 
shows that (2.2) imphes 



(2.3) {l®C*{G))5x{X)^X®C*{G). 
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(Note that the proof of [Qui95, Corollary 1.4] did not need to use 
[Qui95, Equation (1.1)].) Using (2.3) in the M{A ® C*(G'))- valued 
inner product on X (g) C*{G) gives 

{1®C*{G))5a{A){1®C*{G)) = a C*{G), 

which implies Sa is nondegenerate by an argument similar to the proof 
of [Qui95, Corollary 1.5]. 

We have shown that nondegneracy of 5b implies nondegeneracy of 
Sa; by symmetry, this completes the proof. □ 



3. Mansfield Imprimitivity 

Let {A, G, 6) be a coaction. Further let iV be a closed normal sub- 
group of G, qn- C*{G) C*{G/N) the canonical quotient homomor- 
phism, and pjy: Cq{G/N) — > MiCoiG)) the nondegenerate embedding 
PN{f){s) — f{sN). (When confusion is unlikely, we suppress and 
identify Co{G/N) with its image in Cb{G).) Then S\ := (t^qisf) oS is a 
coaction of G/N on A, called the restriction of S to G/N. Only injec- 
tivity is nonobvious, but for this note that (5®t)o5| = {l^SgDoS, and 
5g\ is injective since it has left inverse i (8) ttq, where ttq: G/N —>■ {1} 
is the trivial character. If is a homomorphism of Co{G), we write 
^\ for o when confusion seems unlikely, and think of fi\ as the 
restriction of /i to Cq{G/N). An easy computation, using the iden- 
tity (<. ® qN){wG) = {pn ® 1'){wg/n), shows that if (7r,/x) is a covariant 
representation of (^4, G, S), then (tt, /i|) is a covariant representation of 
{A,G/N,5\). In particular, since Go{G/N) sits nondegenerately inside 
M(Co(G)), 

jAXjG\:AxG/N^M{AxG) 

is a nondegenerate homomorphism. However, x Jg| will be unfaithful 
in general. For example, if 6 is any nonnormal coaction, then A x 
G/G = A and Ja x jgI = Ja is unfaithful. 

Lemma 3.1. Ja x Jg| • Ax G/N M{A x G) is faithful if and only if 
ker C ker j^^^, and in this case we actually have kcr = ker j^^'^. 

Proof. Since (j^,Jg|) is a covariant representation of {A,G/N,S\), we 
always have ker j'^*^^ C kcr j^, giving the second statement. 

The forward implication of the first statement is clear: if Ja x JgI 
is faithful, certainly kerj^ C kerj^*^^. For the reverse implication, 
assume kerj'^ C kerj'^^^. Since the dual action 5 leaves the image of 
Ja X Jg| invariant, and since the restriction 5\n is trivial on imj'^ x joj. 
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we get an action of G/N on imj^ x such that ja x jgI is G/N- 
equivariant. Since ker C ker j^''^, [Qui95, Proposition 3.9] shows 
3a X jgI is faithful. □ 

There are certainly lots of situations where ja x jg] is faithful: 

Lemma 3.2. ja x jQ\: Ax G/N M{A x G) is faithful if either 6 
is normal, in which case 5\ is normal as well, or N is amenable. 

Proof. If 6 is normal, then kerj^ = {0}, so by the preceding lemma 
ker j^''"^' = {0} as well, hence Ja x jc\ is faithful and 6\ is normal. 
On the other hand, if N is amenable, then ker C ker Xq/n ° Qn, 

so 

kerj^ — ker(i (g) Xq) o 5 C ker(i (g) Xq/n) o (t Qn) ° S 
= ker{i O Xg/n) o 6\ = ker jj^^, 
so again using the preceding lemma, Ja x jo] is faithful. □ 

We now adapt Mansfield's imprimitivity to our setting. Let {A, G, S) 
be a coaction and a closed normal subgroup of G. Since {jAija) 
can be taken to be ((t ® A) o 5, 1 (g) M), where A is faithfully and 
nondegenerately represented on a Hilbert space V,, all of Mansfield's 
computations with A x G on eg) L'^{G) can be carried out abstractly 
with {jA^jc)- In Mansfield's setting (with 5 reduced and amenable), 
((t (g) A) o 5) X (1 (g) M|) is a faithful representation oiAxG/N [Man91, 
Proposition 7]. In our setting, this representation oi AxG/N need not 
be faithful. However, all of Mansfield's computations are really done 
with the image of A x G/N in B{T-l (E) L'^{G)). In our abstract setting, 
we use imj/i x jc\ (where Ja means by default), and again all of 
Manfield's computations carry over. 

Mansfield develops the bulk of his imprimitivity machinery in §3 
of [Man91]; note that he does not require N to be amenable for this 
section. However, he implicitly requires 6 to be nondegenerate (and 
this becomes explicit in his proof of [Man91, Theorem 12]), so we will 
require this also from now on. 

Let Ac{G) = A{G) n Cc{G), and for a compact subset E of G let 
Ce{G) = {/ G C{G) I supp / C E}. For fixed u G Ac{G) and compact 
E G G, say an element of M{A x G) is (m, E, N) if it is in the closed 
span of the products jA{Su{0'))jG{^{f)) ioi a E A, f E Ce{G), where 
Su — {l ® u) o S: A ^ A and cp: Cc{G) — > Cc{G/N) is the surjection 

v{f){sN)^ [ f{sn)dn. 
Jn 
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For N — {e} just say the element is {u,E). Manfield's computations 

show the set "Dat of elements of M {A x G) which are {u, E, N) for some 
u G Ac{G) and compact ii^ C G is a dense *-subalgebra of imj^ x jcl', 
write V for T>^e}- We emphasize that when A x G is represented on 
H®L'^{G) via \i®\)o5x(l®M) we get exactly Mansfield's V and Pjv- 
Mansfield's computations also show there is a hnear map : D — > D^v 
such that 

*(jA(a)iG(/)) = 3A{a)3G{v{f)) for a e / e C,{G). 

Moreover, for x,y & V the maps n i— > 5n{x)y and n i-^ x5n{y) are in 
Ce(A^,P), and 

= / 5n{x)ydn 
Jn 

= / x5niy) dn. 
Jn 

T) becomes a (full) pre-Hilbert "DAr-module under right multiplication 
(which makes sense since C M{A x G)) and inner product 

{x,y)vM = '^{x*y). 

T> becomes a left Cc(A^, I^) -module under the integrated form of the 
left V multiplication and the A'"-action 

n ■ X = A(n) 2(5„(a;) for n & N,x & V. 
Let Y^^j^ denote the completion of the pre-Hilbert PAr-module V. 
Then Y^^^^ is a right-Hilbert ^4 x G x - imj^ x jcl bimodule. The 
computations of [Man91, proof of Proposition 26] show that the homo- 
morphism of A x G x to ^imjAxjolO^G/N) image /C(F^jy) and the 
same kernel as the regular representation AxGxA^— ^AxGx^-A^. 
He accomplishes the latter by showing that there is a faithful rep- 
resentation of IC{Yq^j^), induced from the identity representation of 
imjA X jo] (when (Ja, Jg) is taken to be ((i (g) A) o 5, 1 x M)), such that 
the composition with ^4 x G x A^ — > K,{Yqij^) is equivalent to the regu- 
lar representation. Therefore, in our setting Mansfield's imprimitivity 
theorem becomes: 

Theorem 3.3. [Man91, Theorem 27] If (A.G.d) is a nondegenerate 
coaction and N is a dosed normal subgroup of G, then Y^i^ is an 
Ax G Xr N-imjA x j^l imprimitivity bimodule. 

We would really like a Morita equivalence between A x G x^ A" 
and A X G/N itself, so clearly we need exactly the condition that 
jA^ 3g\- AxG/N ^ M{A X G) is faithful. 
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Corollary 3.4. Let (A, G, 5) he a nondegenerate coaction and N a 
closed normal subgroup of G such that 

jAxjG\:AxG/N^M{AxG) 

is faithful. Then Yq^^^ is an A x G N -A x G /N imprimitivity hi- 
module. 

In view of Corollary 3.4, we make the following definition: 

Definition 3.5. If (A, G, 5) is a nondegenerate coaction and is a 
closed normal subgroup of G, we say Mansfield imprimitivity works for 
N and 5 if ja x jgI is faithful. 

When Mansfield imprimitivity works wc let {■.■)axG/n denote the 
extension to Y^i^ of the inner product (■, ■)x)jv on T>. Mansfield's com- 
putations show that the left inner product AxGxrN{x,y) for x,y E V 
can be identified with the element 

AxGxrN{x,y){n) = xSn{y*) A{n)~^ 

ofC,{N,V). 

The following lemma shows the strong connection between Mansfield 
imprimitivity working and the existence of a twist (sec Section 4): 

Lemma 3.6. If {A,G,G/K,6,t) is a nondegenerate twisted coaction, 
then Mansfield imprimitivity works for K and 5 if and only if S is 
normal. 

Proof. Since {A,G/K,6\) is unitary, it is normal, so by definition 

jf^:A^M{AxG/K) 
is faithful. If Mansfield imprimitivity works for K, then 

j^xjG\:AxG/K^M{AxG) 
is faithful. Hence, the composition 

fA-UlxjG\)ojT 

is faithful as well, so 6 is normal. 

The converse is part of Lemma 3.2. □ 

To round out this discussion of Mansfield imprimitivity, we mention 
that we have been unable to find an example where S is nonnormal and 
N is nonamenable, but Mansfield imprimitivity still works. 
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4. Imprimitivity for Twisted Coactions 

We now show how Mansfield imprimitivity passes to twisted crossed 
products, extending [PR94, Theorem 4.1]. If X is a closed normal 
subgroup of G, a coaction {A,G,S) is twisted over G/K if there is a 
nondegenerate homomorphism r: Gq{G/K) M[A), called the twist, 
such that: 

(i) 5\=AdT® i{wG/K) o (• ® 1); 

(ii) S or — T <Sil; 

alternatively we call {A,G,G/K,S,t) a twisted coaction. A twisted 
coaction {A,G,G/K,6,t) is nondegenerate or normal if the untwisted 
coaction {A, G, 6) is. A covariant representation (tt, /i) of {A, G, S) pre- 
serves the twist if vr o r = The twisting ideal of A x G is 

Ir — |^{ker TT X /X I (tt, /x) is a covariant representation 
of {A,G,S) preserving the twist}. 
The twisted crossed product is 

AXG/KG={AXG)/Ir. 

The quotient map A x G ^ A Xq/k G is of the form kA x kc for a 
unique covariant representation (kAjka)- Moreover, (kAjka) preserves 
the twist, and for any covariant representation (tt, /x) preserving the 
twist there is a unique representation tt x^/x of A x^/if G such that 

{tt Xg/k IJ^okA^TT and {tt Xg/k /j) o ka ^ /i. 

The restriction 5\k of the dual action 5 leaves Ir invariant, so we get a 
dual action, denoted S, of K {not G) on A Xg/k G. 

If is another closed normal subgroup of G contained in K, then r 
is also a twist for the restricted coaction [A, G/N,S\), over the quotient 
G/K = {G/N)/{K/N), so there is a restricted twisted crossed product 
Axg/k G/N. We have Axg/kG/K ^ A. When Mansfield imprimi- 
tivity works for A^, we want Mansfield's Hilbert module Y^j^^ to pass 
to an A Xg/k G x^ N-A Xg/k G/N imprimitivity bimodule. When 
A" = A' is amenable (and S is reduced), [PR94] shows how to do this: if 

and are the twisting ideals of ^4 x G and Ax G/K, respectively, 
then [PR94] shows 7^ x AT = y^g^^-Ind/f , so ^^//^/(^g/k ' ^r) gives a 
Morita equivalence between {AxGxK)/{IrXK) = Axg/kGxK and 
{A X G/K) / = A. In the absence of amenability, we run into trouble 
since we need to identify a quotient of the reduced crossed product, so 
we cannot use universal properties as in [PR94] . We need to know the 
ideals of ^4 x G x^ A" and Ax G/N match up suitably. More precisely. 
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if is the twisting ideal of A x G/N, we need to know 

(4.1) {AxG Xr N)l (Fj)^-Ind/f ) ^ A x^/x G x, N. 

Let X be Green's bimodule for inducing representations from AxG 
to AxG xN. X is an AxGxNxN-AxG imprimitivity bimodule, 
which we view as a right- Hilbert AxGXj-N-AxG bimodule via 
the canonical map jAxGxrN- A x G x^ N ^ M{A x G x,. N x N) ^ 
M[A X G X N X N). By the commutativity of the diagram 

AxGxN ili£i^ M{A xGxNxN) 

q ^ 

AxGXrN M(A xGXrNxN), 

jAxGXrN 

the left action of A x G x ,, on X is determined by the left actions of 
AxG and N; we will use this when we compute with X in the proof 
of Theorem 4.1. 
Now, since 

Axg/k G Xr N ^im [X-Ind{k'^ x kc)) , 

(4.1) is equivalent to 

(4.2) Y^/^-lnd If = X-Ind 

where is the twisting ideal oi Ax G. Since V^^v is an A x G A'"- 
A X G/N imprimitivity bimodule, (4.2) is equivalent to 

^r^ = ^-Ind(X-Ind7,), 

which is the same as 

(4.3) ker k^^^ x kc = ker 1^-Ind (X-lnd(A;^ x kc)) . 
Assuming for the moment the result of Theorem 4.1, this reduces to 

(4.4) ker k'^^^ x ka ^ ker k^xkal 
which becomes 

ker/c^ Xg/k A;g| = {0} 

on passing to representations of the restricted twisted crossed product 
A Xg/k G/N. Hence, in order to ensure that Mansfield imprimitivity 
passes to the twisted crossed products, we need only the fidelity of 

(4.5) k^ XG/KkG\:A Xg/k G/N M(A Xg/k G). 
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Before we investigate this condition further, we should pause to jus- 
tify the passage from (4.3) to (4.4). This is a consequence of the follow- 
ing result, which is a special case of [KQR95, Theorem 3.1]. Although 
the proof of that particular result doesn't depend on the results in the 
present paper, for the reader's peace of mind we give here a complete 
proof of this special case. 

Theorem 4.1. Let (^4, G, 5) he a nondegenerate coaction, and let N 
be a closed normal subgroup of G such that Mansfield imprimitivity 
works for N {which is automatic if N is amenable). Then for any 
representation ix x fi of Ax G., the representation 

l^-Ind(X-Ind(7rXAi)) 

of Ax G/N is unitarily equivalent to ti x ix\. 

Proof. It is straightforward to check that the map vr x // i-^ vr x /i| of 
Rep ^4 X G into Rep AxG / N is implemented by viewing Ax G as a, right- 
Hilbert AxG / N - AxG bimodule, using the map x jg | : AxG/N ^ 
M{A X G). Hence, in order to estabhsh the theorem, it suffices to show 
that 

Y^jj, ®AxGXrN X^AxG 

as a right- Hilbert AxG/N-AxG bimodule. We will actually prove 
the assertion that 

Yg/n ®axG/n AxG^X 

as a right-Hilbcrt AxGXrN-AxG bimodule, which is equivalent 
because Y^i^ is an imprimitivity bimodule. 

Both bimodulcs in the tensor product arc completions of Mansfield's 
dense subalgebra T> oi Ax G for the appropriate inner products. Our 
isomorphism will be the extension to Yqjj^ ®axG/n Ax G oi the map 
$ : P P ^ Gc{N, V) defined by 

^{x®y)(h) =x5h{y). 

Note that except for the modular function, ^{x ® y) is just Mans- 
field's left Cc(A^, I^)-valued inner product AxGxrN{x,y*), and hence 
does indeed give an element of Gc{N,'D). In fact, if we define f'{n) — 
f{n)AN{n)^2 ^ then the map / i-^ /' is a homeomorphism of Cc{N. A x 
G) (with the inductive limit topology) onto itself, which takes ^(T>QV) 
to AxGxrN^-iT^) ■ This latter set is dense in Cc(iV, /I x G) for the in- 
ductive limit topology ([Man91, Lemma 25]); it follows that the range 
of $ is also inductive limit dense in Gc{N, AxG), and therefore in X. 
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It only remains to show that $ preserves the Hilbert module struc- 
ture. For the left action oi AxGXrN, Hxd E V C AxG and h,t E N. 
Then: 

= dx6h{y) 
= ^{dx (g) y) 
= ^{d-x<Siy) 

and 

t-^{x^y){h) = 6t{^{x ^y){t~^h)) A{t)^ 

= 5tix)kiy)m'' 
= {t ■ x)5h{y) 
= ^{t ■ X (S>y){h). 

For the right action oiAxG,fixdeVcAxG and he N. Then: 

$(x (g) y) ■ d{h) = ® y){h)5h{d) 

= x6h{yd) 

= ^{x^(yd)(h) 

= ^{x ^y ■ d){h). 

For the right A x G-valued inner product, compute: 

mx^y),^z^w))^^a 

= [ Shmx^y){h-y^z^w){h-^)) dh 
Jn 

= y* ^h{x*z) dhw 
Jn 

= 2/*(^'^>AxG/JV^ 

This completes the proof of the theorem. □ 



16 



S. KALISZEWSKI AND JOHN QUIGG 



Of course, the discussion preceding Theorem 4.1 was predicated on 
Mansfield imprimitivity working for N and S; however, k'^ y<G/K kcl is 
certainly well-defined for any twisted coaction. It will turn out (The- 
orem 4.3) that for a twisted coaction {A,G,G/K,6,t) and a closed 
normal subgroup N oi G contained in K, this map is faithful exactly 
when X jol is. In order to see this, we will need the following vari- 
ation on [QR95, Lemma 3.5]. Recall that for an action {B,K,a) of 
a closed subgroup i^' of a locally compact group G, the induced al- 
gebra Ind^ B is the C*-algebra of continuous maps f : G ^ B such 
that f{sk) — ak-i{f{s)) for all s e G, /c e K, and such that the map 
sK I— > ||/(s)|| vanishes at infinity on G/K. 

Lemma 4.2. Let {B,K,a) and {C,K,P) be actions of a closed sub- 
group K of a locally compact group G, and let ip: B M{C) be a K- 
equivariant nondegenerate homomorphism. Then (p is faithful if and 
only if the induced homomorphism Ind<^: Ind^i? — > M(Ind^ C) is, 
where Ind (p is defined by 



Proof. If (p has nontrivial kernel, then kerip is a nonzero i^T-invariant 
ideal of B, so Ind(ker<^) is a nonzero subset of ker(Ind</?): for / e 
Ind(ker (p) and s & G, 



Conversely, if / is a nonzero element of ker(Ind</7), then f{G) is a 



Theorem 4.3. Let {A,G,G/K,S,t) be a twisted coaction, and let N 
be a closed normal subgroup of G contained in K. Then 

3aX3g\-AxG/N^M{AxG) 

is faithful if and only if 

kA ^G/K kG\ : A Xg/k G/N M{A Xg/k G) 

is faithful. 

Proof. Note that the diagram 



Ind^(/)(5) = ^(/(5)). 



lnd^{f){s) = ^{f{s)) = 0. 



nonzero subset of ker ip. 



□ 



A X G/N 



M{A X G) 



kAxka/N 



kAXka 



A Xg/k G/N 



kAXG/KkG\ 



> M{A Xg/k G) 



commutes. 
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By [QR95, Theorem 4.4], the formula 

$(a;)(s) = {kA X kc) o 6s-i{x) for x e A x G, s E G 
defines an isomorphism A x G ^ lnd% A Xq/k G, and similarly 
AxG/N^ Ind^^A Xq/k G/N. 

We need to do everything in terms of K and G rather than their quo- 
tients by N. Define a: G ^ AutA xG/N hj 

Then 

Ua X jcl) oas^SsO {jA X jgI) for seG. 
The twisting ideal 7^ of A x G/N is invariant under the restriction 
a\K-i so there is a unique action a of K on A Xq/k G/N such that 

as o {kA X ka/N) = (kA x ka/N) ° for s e K. 

Of course, as — {S\)~sn- 

An easy calculation shows the formula 

*(/)(«) = /(sA^) for s EG 
gives an isomorphism 

^ : IndJ/^ A Xg/k G/N ^ Ind| A Xg/k G/N. 

Combining this with [QR95, Theorem 4.4], we can define an isomor- 
phism 

^n: Ax G/N ^lnd% A Xg/k G/N 

by 

^n{x){s) = {kA X ka/N) o as-i{x). 
The following calculation shows 

kA Xg/k kcl : A Xg/k G/N M{A Xg/k G) 
is i^-equivariant: for s E K 

{kA Xg/k kG\) o dis o {kA X kG/N) 

= {kA XG/KkG\)o {kA X kG/N) ° Ois 

= {kA X kG) o {jA X jgI) o as 
= {kA X kc) o5sO {Ja X JgD 
^5sO {kA X ko) o {Ja x jo]) 
= 5s o {kA Xg/k kol) o {kA x ka/N)- 
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We next show the nondegenerate homomorphism 

^ o (u X jol) o : Indg A Xg/k G/N ^ M(Indg A Xq/k G) 
is induced from 

kA ^G/K kG\ : A Xg/k G/N M{A Xg/k G) 

in the sense of Lemma 4.2, and then the lemma wiU yield the present 
theorem. For / e Ind^ Axg/k G/N, s e G, 

^o{jaX jG\)o<^~\f){s) 
= {kA X /cg) o Ss-i o {Ja X jcl) o $^^(/) 
= {kA X kG) o {]A X JgI) o tts-i o ^N^{f) 
= (^A XG//f /cgI) O (^A X /cg/Jv) O tts-i O ^N^{f) 
^ {kAXG/KkG\){^N{^M\ms)) 

= (A;a XG//f kG\){f{s)). 

□ 

Now the discussion encompassing Equations (4.1)-(4.5), together 
with Theorem 4.3, gives the following extension of [PR89, Theorem 4.1]. 
In the case where is amenable, this result is hinted at in the discus- 
sion preceding [ER, Theorem 4.7]. 

Theorem 4.4. Let {A,G,G/K,6,r) be a nondegenerate twisted coac- 
tion, and let N a closed normal subgroup of G contained in K such 
that Mansfield imprimitivity works for N and 5 {which is automatic if 
N is amenable). Then the quotient Z^/j^ — ^g/nIO^g/n ' ^t) ^■^ 
A Xg/k G Xr N-A Xg/k G/N imprimitivity bimodule. 

5. Subgroups, Morita Equivalence, Inflation, 

Stabilization 

In this section, we will show that Mansfield imprimitivity is compat- 
ible with many of the standard coaction constructions. As a warmup, 
we show that Mansfield imprimitivity passes to subgroups. First we 
need the following variation on [QR95, Corollary 4.10]. Sadly, the hy- 
pothesis in [QR95] seems to be deficient: equivariance must be imposed 
on the integrated form of the pair (tt, fi), rather than just fi. 

Proposition 5.1. Let {A, G, G/ K, 6, r) be a twisted coaction and (tt, h) 
a covariant representation preserving the twist. Then the representa- 
tion TT Xg/k /J' of A Xg/k G is faithful if and only if kerir C ker j'^ and 
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there is an action a of K on irsnr x n such that 

o (tt Xc/i^ /i) = (tt Xg/k/x) forseK. 

Proof. Replace the twisted coaction by its reduction [Qui95, Corol- 
lary 3.8], [Rae92, Theorem 4.1]; then Ja is faithful, and [QR95, Corol- 
lary 4.10] gives the proposition. □ 

Theorem 5.2. Let {A, G, S) be a nondegenerate coaction and N <Z H 
closed normal subgroups of G. If Mansfield imprimitivity works for H , 
then it also works for N . 

Proof. The diagram 

M(Co(G)) M{C^{G/N)) 

Ph Ph/n 

Co{G/H) Co{{G/N)/{H/N)) 

7 

commutes, where 7 is the natural isomorphism, and this gives us a 
commutative diagram 

M{AxG) /^""^''""^^^ M{AxG/N) 



3ax(3g°Ph) 



jAo{jG/N°PH/N) 



A X G/H i = A X {G/N)/{H/N). 

Assuming Ja x {ja opn) is faithful, so is ja x {Jg/n °Ph/n)- So, [PR89, 
Theorem 3.1] applies, giving a decomposition isomorphism 

6: AxG/N ^Ax {G/N)/{H/N) x^G/N)/iH/N) G/N, 
hence a homomorphism 

cr : = Ua X (jg oPiv)) <=> 

= Ua X {jcopN oPh/n)) X{g/n)/{h/n) {Jg ° Pn) 

of Ax {G/N)/{H/N) X(^Q/j^fy(^H/N)G/N. Wc aim to apply the preceding 
proposition to show a is faithful. Since the decomposition coaction of 
G/N on A X {G/N)/{H/N) is normal, we must show the homomor- 
phism Ja X (jo opN oPh/n) of a X {G/N)/{H/N) is faithful and there 
is an action a of H/N on imcr such that 

(yhN o jo o pnif) = JG o PN{hN • /) iorheHJe Co{G/N). 

The first follows from 

Ja X {Jg o Pjv o Ph/n) = {Ja x {ja oph))o {Ja x {Jg/h o 7)) 
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and fidelity of Ja x (jg °Ph)- For the second, since the restriction 5\n 
is trivial on im cr = irajA x Ug^Pn), there is a unique action a of H/N 
on imcr such that 

<^hN — for h & H. 

For/eCo(G/iV), 

oihN o jc o PnU) ^Sho jaipNif)) 
^ 3G{h ■ PN{f)) 
^ jGopNihN ■ f). 

□ 

We now show Mansfield imprimitivity is preserved by Morita equiv- 
alence of coactions. Our conventions are those of [Ng95] . 

Theorem 5.3. Let (A, G, Sa) and {B, G, Sb) be Morita equivalent coac- 
tions with one [hence both) nondegenerate, and let N be a closed normal 
subgroup ofG. Then Mansfield imprimitivity works for N and 6 a if and 
only if it works for N and 5b- 

Proof. Let {X, 5x) be a Morita equivalence for {A, G, 5a) and [B, G, 5b)', 
so 5 — {5a, 5x, 5b) is a coaction of G on a^b- Nondegeneracy of both 
coactions follows from nondegeneracy of either one by Proposition 2.3. 

As usual, let [A x G^j'^^Jq) and {B x G,j^,jQ) denote the crossed 
products for {A, G, 5a) and {B, G, 5b), respectively. By the uniqueness 
of the imprimitivity bimodule crossed product ([Ng95, Remark 3.6(c)]), 
we can suppose that the crossed product for {a^b, G, 5) is of the form 

Uxg{X X G)BxG,jl,jxJBJGjE) 

for some hnear map j^: X ^ M{XxG) (cf. [Ng95, Definition 3.5(b)]). 
The conscientious reader will check that 

Ua ) Jx ) Jb jJgIi 3g I ) 

is a covariant representation of the restricted imprimitivity bimodule 

coaction {aXb,G/N^5\) in the sense of [Ng95, Definition 3.5(a)]. It 
then follows that there is a unique imprimitivity bimodule representa- 
tion {ipAxG/N,^XxG/N,VBxG/N) of AxG/n{X X G/N)bxG/N SUch that 

/ -G/N -G/N -G/N 

[VAxG/nOJa ,VXxG/N°Jx ^VBxG/nOJb > 
■A -B \ 

Vaxg/n o Jg/n-: ¥^bxg/n o Jg/n) 

— (Ja) Jx) Jb) JgI> JgD- 
In particular, (PaxG/n is a representation of A x G/N satisfying 

■G/N -G 
VAxG/N O J a = J A 
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and 

so we have (PaxG/n — Ja ^ JgI- -^y same token, we have (Pbxg/n = 
Jb ^ JgI- ^o'^ [ER, Lemma 2.7] tells us the ideals ker(j^ x j^|) of 
A X G/A^ and ker(j^ x oi B x G/N correspond via X x G/N;in 
particular, j'^ is faithful if and only if x JgI i^- This establishes 
the theorem. □ 

Next, we turn to inflation. Recall that if (A, G, inf e) is inflated from 
(A, fC, e), then inf e is trivially twisted over G/X by / i— > /(e) 1, and 
[PR89, Example 2.14] gives a natural isomorphism 

Axg/kG^ Ax K. 

Theorem 5.4. Let N <Z K he closed normal subgroups of G, and let 
(A, A', e) he a coaction such that either e or inf e {hence the other) is 
nondegenerate. Then Mansfield imprimitivity works for N and e if and 
only if it works for N and inf e. 

Proof. Nondegeneracy of both coactions follows from nondegeneracy of 
either one by Proposition 2.1. 

Consider the twisted inflated coaction (A, G, G/K, inf e, 1). The di- 
agram 

A X K/N M{A X K) 

A Xg/k G/N > M{A Xg/k G) 

k-AXG/j^kal 

commutes, so Ja x jx\ is faithful if and only if kA Xg/k is- The- 
orem 4.3 tells us this latter is equivalent to fidelity of Ja x JgI - ^ x 
G/N M{A X G), and this is enough to finish the proof. □ 

Finally, we chain the above results together to show that Mansfield 
imprimitivity is compatible with the stabilization trick of [ER]. Let 
(A, G, G / K, 5, t) be a nondegenerate twisted coaction such that Mans- 
field imprimitivity works for 5 and K itself. In light of Lemma 3.6, this 
is equivalent to 5 being normal. We have a dual action 5 oi K on the 

twisted crossed product Axqjj^G., hence a double dual coaction 5 oi K 

on the full crossed product A Xqjj^ G x K . The normalization {5)^ of 
this coaction is on the reduced crossed product Axg/kG x^ K [Rae92, 
Proposition 3.2 (1)], [Qui95, Propositions 3.6 and 3.7]. By [ER, Theo- 
rem 3.1], the twisted coaction [A, G,G/K, 5, r) is Morita equivalent to 

the inflated twisted coaction (A Xg/kG x^-fC, G,G/K, \n.l{5Y, 1). Even 
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though [ER] uses reduced coactions and requires N to be amenable, 
their arguments carry over to our setting since wc assume that Mans- 
field imprimitivity works. The necessary adjustments are fairly obvi- 
ous, such as replacing [ER, Lemma 3.11] with 

<8) i(jG <8) t{wG)) = jc <8) t(wG)(l <8) u) for n e N. 

We do not need the twisting subgroup K to be amenable, since we use 
full coactions — see [QR95, Section 7]. 

Theorem 5.5. Let {A, G,G/K, S, r) be a nondegenerate normal twisted 

coaction. Then the stabilized coaction {AxQ/KGXrK,K, (S)^) is also 
nondegenerate. Furthermore, if N is a closed normal subgroup of G 

contained in K , then Mansfield imprimitivity works for N and {^Y- 
Proof. By [ER, Theorem 3.1], (^4, G, 5) is Morita equivalent to the in- 
flated coaction [A Xq/k G G, inf(5)°); thus m.l{5Y is nondegen- 
erate by Proposition 2.3, and hence also {5Y by Proposition 2.1. 

Now let iV be a closed normal subgroup of G contained in K. Since 5 
is normal, Mansfield imprimitivity works for N and 5 (Lemma 3.2), and 

hence it also works for and the Morita equivalent coaction inf(5)° 
(Theorem 5.3). It follows that Mansfield imprimitivity works for 

and the deflated coaction (5)°, by Theorem 5.4. □ 
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